Abstract. In this paper we give the general Opial type inequality for quotient of functions. Our result contains two functions, convex and concave functions. We prove a new general inequality on a measure space (Ω, Σ, µ). We apply our result to numerous symmetric functions and obtain new results that involve Green's functions, Lidstone series and the Hermite's interpolating polynomials.
Introduction
In 1960, Opial [5] proved the following inequality: Let f ∈ C 1 [0, h] be such that f (0) = f (h) = 0 and f (x) > 0 for x ∈ (0, h). where h/4 is the best possible. This inequality has been generalized and extended in several directions (for more details see e.g [1] , [3] ).
In the sequel let (Ω, Σ, µ) be a measure space and let k : Ω × Ω → R be a symmetric nonnegative or nonpositive function such that K(x) := Ω k(x, y)dµ(y), K(x) = 0, a.e. x ∈ Ω, (1.2) such that |K(x)| < ∞. In the rest of the paper we assume that all integrals are well defined. The following result is given in [4] . (1.4) holds, where K is defined by (1.2).
The obtained inequalities are not direct generalizations of the Opial inequality but are of Opial type because the integrals contain function and its integral representation. In this paper we give a generalization of inequality (1.4).
The main results
Our first result is given in the next theorem.
Theorem 2.1. Let k : Ω × Ω → R be a symmetric non-negative or nonpositive function and K be defined by (1.2). If f is a positive convex function, g a positive concave function on an interval I ⊆ R, v, n : Ω → R are either non-negative or non-positive, such that Im|v|, Im| v n | ⊆ I, u defined by
1)
and m defined by
then the following inequality
holds, where K is defined by (1.2).
Proof. By using Jensen's inequality and the Fubini theorem we find that
Since k is a symmetric function we get that |k(x, y)| = |k(y, x)| so by using Jensen's inequality we obtain that
and the proof is complete.
Remark 2.1. If n(y) = 1, then m(x) = K(x) and inequality (2.4) reduces to (1.4).
We apply our result to numerous symmetric functions and obtain new results that involve Green's functions, Lidstone series and the Hermite's interpolating polynomials.
Consider the Green function
The function G is convex under s, it is symmetric non-positive function and it is also convex under t. It is continuous under s and continuous under t.
, we can easily show by integrating by parts that the following is valid
where the function G is defined as above in (2.4). Since function G is a non-positive symmetric function we can apply Theorem 2.1 and obtain the following corollary.
Corollary 2.1. If f is a positive convex function and g a positive concave function on an interval I ⊆ R, then the inequality Proof. Since function G defined by (2.4) is a non-positive symmetric function we can apply Theorem 2.
and inequality (2.3) becomes
so the proof is complete.
that is given in [4] .
We continue with the definition of Lidstone series. Lidstone series is a generalization of Taylor 
where Λ n is a polynomial of degree 2n + 1 defined by the relations
Another explicit representations of Lidstone polynomial are given by [2] and [6] ,
where B 2k+4 is the (2k + 4)-th Bernoulli number and B 2n+1 1+t 2
is a Bernoulli polynomial.
In [7] , Widder proved the fundamental lemma:
10) where
is the homogeneous Green's function of the differential operator 
(2.12)
Lidstone polynomial can be expressed, in terms of G n (t, s) as
Notice that G n (t, s) is a symmetric function. Now we give the following special case of Theorem 1.1. 
holds, where E 2n is Euler polynomial.
Proof. By Widder's lemma we can represent every function ϕ ∈ C (2n) ([a, b]) in the form:
where E 2n is Euler polynomial.
and inequality (2.3) becomes (2.13) and the proof is complete.
We continue with the following special case of inequality (2.13).
Remark 2.5. If n(x) = 1, then m(x) = K(x) and (2.13) reduces to
We continue with the Hermite interpolating polynomial for the two-point Taylor conditions see [2] .
where τ i and ν i are defined on [a, b] :
G 2T is the Green's function of the two-point Taylor problem:
Now, we give a special case of Theorem 1.1 that involves Hermite interpolating polynomial for two-point Taylor conditions. 
holds.
Proof. Since G 2T (t, s) is a symmetric function, we define
Now apply Theorem 2.1 with
. We obtain that is given in [4] .
